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Polarization and spreading of monomial ideals
Mircea Cimpoeas¸
Abstract
We characterize the monomial ideals I ⊂ K[x1, . . . , xn] with the property that the
polarization Ip and Iσ
n
:= the ideal obtained from I by the n-th iterated squarefree
operator σ are isomorphic via a permutation of variables. We give several methods
to construct such ideals. We also compare the depth and sdepth of I and Iσ
n
.
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Introduction
Let K be a field and let T = K[x1, x2, . . .] be the ring of polynomials with countably
indeterminates. For any integer n ≥ 1, let Tn := K[x1, . . . , xn] be the polynomial ring
in n indeterminates. There is a well-known operator on monomial ideals, called polariza-
tion, which preserve all the combinatorial and homological properties of these ideals. On
the other hand, in the shifting theory, introduced by Kalai [9], it is used another oper-
ator called the squarefree operator (also known as the streching operator, see [2]) which
transforms an arbitrary monomial u = xi1xi2 · · ·xid ∈ T into a squarefree monomial
σ(u) := xi1xi2+1 · · ·xid+d−1 ∈ T .
Let I ⊂ Tn be a monomial ideal with the minimal monomial set of generators G(I) =
{u1, . . . , um}. One defines I
σ := (σ(u1), . . . , σ(um)) ⊂ Tn+d−1, where d := deg(I) is the
maximal degree of a monomial in G(I). Note that G(Iσ) = {σ(u1), . . . , σ(um)}.
Yanagawa [12] related the square-free operator σ to an ”alternative” polarization, de-
fined by b-pol(u) := xi1,1xi2,2 · · ·xid,d ∈ T˜ := K[xi,j : i, j ≥ 1]. Let b-pol(I) ⊂ T˜ be the
monomial with the minimal set of generators G(b-pol(I)) = {b-pol(u1), . . . , b-pol(um)}.
In [12, Theorem 3.4] and [11, Corrolary 4.1] it was proved that if I is Borel fixed, then
b-pol(I) is a polarization of I. Hence, Iσ is a polarization of I, see [11] for further details.
In our paper, we discuss the relation between the squarefree operator σ and polarization
from another perspective.
In [2], a monomial xi1 · · ·xid ∈ T is called t − spread, if ij − ij−1 ≥ t for 2 ≤ j ≤ d.
Also, a monomial ideal I ⊂ Tn is called a t-spread monomial ideal, if it is generated by
t-spread monomials. In [2, Corollary 1.7] it was proved that the t-fold iterated operator
σt establish a bijection between the monomials of T and the t-spread monomials of T . In
particular, given a monomial ideal I ⊂ Tn, the ideal I
σt ⊂ Tn+t(d−1) is t-spread.
In general, the squarefree operator does not preserve any of the homological and com-
binatorial properties of an ideal I ⊂ Tn. For instance, the ideal I = (x
2
1, x
2
2) ⊂ T2 is
a monomial complete intersection (c.i.), but Iσ = (x1x2, x2x3) ⊂ T3 is not. However
Iσ
t
= (x1xt+1, x2xt+2) is a c.i. for any t ≥ 2. In Proposition 1.2 we prove that, in gen-
eral, if I ⊂ Tn is a monomial c.i. then I
σt is a monomial c.i. for any t ≥ n. This bound, as
the previous example shows, is sharp.
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Given a monomial ideal I ⊂ Tn, we show in Proposition 1.4 that for any t ≥ n there is
a K-algebra monomorphism Φ : Tnd → Ttd which induce an injection
Φ|{x1,...,xnd} : {x1, . . . , xnd} → {x1, . . . , xtd},
such that Φ(Iσ
n
) = Iσ
t
. Consequently, in Corollary 1.5 we show that Iσ
t
, for t ≥ n, are
basically the same, from a homological and combinatorial point of view. This result yields
us to give a closer look to the ideal Iσ
n
and its connections with I. A problem which
arise is to find classes of monomial ideals for which the homological and combinatorial
properties are preserved when we switch from I to Iσ
n
. Since the polarization preserves
those properties, it is natural to ask when Ip and Iσ
n
are essentially the same, i.e. they
can be transformed one in another through a permutation of variables.
Given a monomial u = xa11 . . . x
an
n ∈ Tn, we consider the polarization of u to be
up := x1xn+1 · · ·x(a1−1)n+1 · · ·xnx2n · · ·xann. We say that a set of monomials M ⊂ Tn
with deg(u) ≤ d, for any u ∈ M, is smoothly spreadable if there exists a permutation
τ on {1, 2, . . . , nd} with τ(j) − j ≡ 0(mod n) such that the K-algebra isomorphism
Φ : Tnd → Tnd, Φ(xj) := xτ(j), has the property Φ(σ
n(u)) = up, for any u ∈ M. We
say that a monomial ideal I ⊂ Tn is smoothly spreadable if G(I) is smoothly spreadable.
In Proposition 1.10 we prove that if I ⊂ Tn is a smoothly spreadable monomial ideal and
if v ∈ Tn′ is a monomial with the support in {xn+1, . . . , xn′}, then the ideal J = (I, v) ⊂ Tn′
is smoothly spreadable. As a consequence, any monomial c.i. is smoothly spreadable, see
Corollary 1.11. In Proposition 1.13 we prove that if I = (xa11 x
b1
2 , . . . , x
am
1 x
bm
2 ) ⊂ T2 such
that a1 > a2 > · · · > am ≥ 0, 0 ≤ b1 < b2 < · · · < bm and a1+ b1 ≤ a2+ b2 ≤ · · · ≤ am+ bm
then I is smoothly spreadable.
Let I ⊂ Tn be a monomial ideal with deg(I) = d. Let 1 ≤ k ≤ n, 1 ≤ j1 < · · · < jk ≤ n
and d1, . . . , dk ≥ 1. Let J = (I, x
d1
j1
, . . . , xdkjk ) ⊂ Tn. In Proposition 1.14, we show that
if d1, . . . , dk satisfy certain condition and I is smoothly spreadable, then J is smoothly
spreadable. Given M = {u1, . . . , um} ∈ Tn a set of monomial with deg(ui) = d, (∀)1 ≤
i ≤ m, and M′ = {v1, . . . , vm} ∈ Tn′ a set of monomials with supp(vi) ⊂ {xn+1, . . . , xn′},
(∀)1 ≤ i ≤ m, such that M and M′ are smoothly spreadable, we show that the set
{uivℓ : 1 ≤ i ≤ m, 1 ≤ ℓ ≤ m
′} is smoothly spreadable, see Proposition 1.15.
The main result of the first section is Theorem 1.18, where we give a combinatorial
characterization for smoothly spreadable ideals. Let M = {u1, . . . , um} ⊂ Tn be a set of
monomials, ui :=
∏n
j=1 x
ai,j
j , 1 ≤ i ≤ m. We prove that M is smoothly spreadable if and
only if for any 1 ≤ i < ℓ ≤ m and 1 ≤ j ≤ n we have that
min{ai,j , aℓ,j} = |{(ai,1 + · · ·+ ai,j−1)n+ j, (ai,1 + · · ·+ ai,j−1 + 1)n+ j, . . . , (ai,1 + · · ·+ ai,j − 1)n+ j}
∩{(aℓ,1 + · · ·+ aℓ,j−1)n+ j, (aℓ,1 + · · ·+ aℓ,j−1 + 1)n+ j, . . . , (aℓ,1 + · · ·+ aℓ,j−1 + aℓ,j − 1)n+ j}|.
We also provide several examples, see Example 1.8, 1.12, 1.16 and 1.19.
Given I ⊂ Tn a monomial ideal, the lcm-lattice of I encodes several combinatorial and
homological properties of I, see for instance [3], [10], [8] and [7]. In the second section we
discuss the connection between lcm-lattices of I and Iσ
n
. Using the main results from [8] we
prove in Theorem 2.5 that: depth(Tnd/I
σn) ≤ depth(Tn/I) + n(d− 1), sdepth(Tnd/I
σn) ≤
sdepth(Tn/I)+n(d−1) and sdepth(I
σn) ≤ sdepth(I)+n(d−1). We note that the equalities
hold if I is smoothly spreadable, see Remark 2.2.
2
1 Main results
Let T := K[x1, x2, . . .] be the ring of polynomials with countably indeterminates and let
Mon(T ) be the set of monomials of T . Let u ∈ Mon(T ) and write u = xi1xi2 · · ·xid with
i1 ≤ i2 ≤ · · · ≤ id. u is called t-spread, see [2], if ij − ij−1 ≥ t for all 2 ≤ j ≤ d. Note that
any monomial is 0-spread, while the squarefree monomials are 1-spread. The squarefree
operator, σ : Mon(T )→ Mon(T ), is defined by
σ(u) := xi1xi2+1 · · ·xid+d−1,
see [4, Page 214] and [2, Definition 1.5].
Given an integer t ≥ 0, let Mon(T, t) be the set of t-spread monomials. According to [2,
Lemma 1.6], the restriction map σ : Mon(T, t)→ Mon(T, t+ 1) is bijective. Consequently,
the iterated map σt : Mon(T )→ Mon(T, t) is also bijective.
For any integer n ≥ 1, we denote Tn := K[x1, . . . , xn], the ring of polynomials in n
indeterminates. Let 0 6= I ⊂ Tn be a monomial ideal. We denote G(I) the set of minimal
monomial generators of I and deg(I) := max{deg(u) : u ∈ G(I)}, the maximal degree of
a minimal monomial generator of I.
The ideal Iσ ⊂ Tn+d−1 is the ideal generated by σ(u) with u ∈ G(I), see [2, Definition
1.8]. Equivalently, we have that G(Iσ) = {σ(u) : u ∈ G(I)}.
For any t ≥ 1, u ∈ Tn a monomial and I ⊂ Tn a monomial ideal, we define recursively
σt(u) := σ(σt−1(u)), Iσ
t
:= (Iσ
t−1
)σ.
In the following, for t ≥ n, we will consider Iσ
t
as an ideal in Ttd, where d = deg(I).
Lemma 1.1. Let u, v ∈ Tn be two monomials and let t ≥ n be an integer. If gcd(u, v) = 1
then gcd(σt(u), σt(v)) = 1.
Proof. We write u = xi1 · · ·xid , v = xj1 · · ·xjd′ , such that 1 ≤ i1 ≤ · · · ≤ id ≤ n and
1 ≤ j1 ≤ · · · ≤ jd′ ≤ n. It follows that
σt(u) = xi1xi2+t · · ·xid+(d−1)t, σ
t(v) = xj1xj2+t · · ·xjd′+(d′−1)t.
By our assumptions, it follows that
1 + (ℓ− 1)t ≤ iℓ + (ℓ− 1)t ≤ ℓt− 1, (∀)1 ≤ ℓ ≤ d,
1 + (ℓ− 1)t ≤ jℓ + (ℓ− 1)t ≤ ℓt− 1, (∀)1 ≤ ℓ ≤ d
′.
Hence iℓ+(ℓ−1)t = jℓ′ +(ℓ
′−1)t implies ℓ = ℓ′ and iℓ = jℓ. This completes the proof.
Proposition 1.2. Let I ⊂ Tn be a complete intersection (c.i.) monomial ideal with
deg(I) = d. Then Iσ
t
⊂ Ttd is a complete intersection, for any t ≥ n.
Proof. Assume that G(I) = {u1, . . . , um}. If m = 1 then there is nothing to prove. Assume
m ≥ 2. It is well known that I is a complete intersection if and only if gcd(ui, uj) = 1,
(∀)i 6= j. The conclusion follows from Lemma 1.1.
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Remark 1.3. Let n ≥ s ≥ 1 be two integers. Let α : a1 < a2 < · · · < as, β : b1 < b2 <
· · · < bs be two sequences of positive integers such that ai ≤ bi for all 1 ≤ i ≤ s and bs = n.
In [1], we studied monomial ideals of the form
Iα,β = (xa1xa1+1 · · ·xb1 , . . . , xasxas+1 · · ·xbs) ⊂ Tn.
Note that Iα,β = J
σ, where J = (xb1−a1a1 , . . . , x
bs−as
as
). Also, J and Jσ
t
, t ≥ n, are monomial
c.i. but, in general, Iα,β is not. Conversely, given J = (x
c1
a1
, . . . , xcsas) ⊂ Tas such that
ai + ci < ai+1 + ci+1, (∀)1 ≤ i ≤ s− 1, then J
σ = Iα,β, where bi = ai + ci, (∀)1 ≤ i ≤ s.
Proposition 1.4. Let I ⊂ Tn be a monomial ideal. Let d = deg(I). Let t ≥ n be an integer.
We consider the K-algebra map defined by
Φt : Tnd → Ttd, Φt(xj) := xϕ(j,t), (∀)1 ≤ j ≤ nd, where ϕ(j, t) :=
⌊
j − 1
n
⌋
· (t− n) + j.
It holds that Iσ
t
= Φt(I
σn), as ideals in Ttd.
Proof. Assume G(I) = {u1, . . . , um}. As in the proof of Lemma 1.1, we can write
σn(uj) =
deg(uj)∏
ℓ=1
xα(j,ℓ) ∈ Tnd, where 1 + (ℓ− 1)n ≤ α(j, ℓ) ≤ ℓn, (∀)1 ≤ j ≤ m.
It follows that
σt(uj) = σ
t−n(σn(uj)) =
deg(uj)∏
ℓ=1
xϕ(α(j,ℓ),t) ∈ Ttd,
where ϕ was defined above.
The following Corollary shows that the ideals Iσ
t
, t ≥ n, are essentially determinated
by Iσ
n
. Therefore, it is interesting to study the mapping I 7→ Iσ
n
.
Corollary 1.5. We have that
(1) Tnd/I
σn ∼= Ttd/(I
σt , xn+1, . . . , xt, xt+n+1, . . . , x2t, . . . , xn+1+(t−1)d, . . . , xtd).
(2) depth(Tnd/I
σn) = depth(Ttd/I
σt)− (n− t)d.
(3) sdepth(Tnd/I
σn) = sdepth(Ttd/I
σt)− (n− t)d.
(4) sdepth(Iσ
n
) = sdepth(Iσ
t
)− (n− t)d.
Proof. (1) follows from Proposition 1.4. (2) is a direct consequence of (1).
(3) From Proposition 1.4 it follows that
Ttd/I
σt ∼= (Tnd/I
σn)[xn+1, . . . , xt, xt+n+1, . . . , x2t, . . . , xn+1+(t−1)d, . . . , xtd],
hence the conclusion follows from [5, Lemma 3.6].
(4) From Proposition 1.4 it follows that
Iσ
t
= Φ(Iσ
n
)Ttd ∼= I
σnTtd,
hence the conclusion follows from [5, Lemma 3.6].
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Given a monomial u ∈ Tn, u = x
a1
1 x
a2
2 · · ·x
an
n with deg(u) = d, we define
up := σn(xa11 )σ
n(xa22 ) · · ·σ
n(xann ) =
= x1xn+1 · · ·x(a1−1)n+1x2xn+2 · · ·x(a2−1)n+2 · · ·xnx2n · · ·xann ∈ Ttd.
Let I ⊂ Tn be a monomial ideal with deg(I) = d. . The polarization of I is the ideal
Ip := (up1, . . . , u
p
m) ⊂ Tnd.
We note that the above definition is equivalent to the standard definition of polarization.
Remark 1.6. Proposition 1.4 and Corollary 1.5 show that, given a monomial ideal I ⊂ Tn
with deg(I) = d, the operator σ could produce, by iteration, essentially different ideals up
to the n-th step and, also, that it is important to study the relations between I and Iσ
n
.
From Proposition 1.2, if I ⊂ Tn is a monomial complete intersection (c.i.) then I
σn ⊂ Tnd is
also c.i. However, the converse is not true. For instance I = (x21x2, x
2
2) ⊂ T2 is not a c.i. but
Iσ
2
= (x1x3x6, x2x4) ⊂ T6 is. Since I
σn is a square-free monomial ideal, a question which
arises naturally is to characterize the monomial ideals I ⊂ Tn with the property that I
σn
and Ip are essentially the same, i.e. they are isomorphic via a permutation of variables.
Definition 1.7. Let d,m > 0 be two integers and let M = {u1, . . . , um} ⊂ Tn be a set of
monomials with deg(ui) ≤ d, (∀)1 ≤ i ≤ m. We say that M is smoothly spreadable if
there exists a permutation
τ : {1, 2, . . . , nd} → {1, 2, . . . , nd} with τ(j)− j ≡ 0(mod n), (∀)1 ≤ j ≤ nd,
such that the K-algebra isomorphism
Φ : Tnd → Tnd, Φ(xj) := xτ(j), (∀)1 ≤ j ≤ nd,
satisfies Φ(σn(ui)) = u
p
i , for all 1 ≤ i ≤ m.
Let I ⊂ Tn be a monomial ideal with deg(I) = d. We say that I is smoothly spreadable
if the set G(I) is smoothly spreadable. In particular, we have Φ(Iσ
n
) = Ip.
Example 1.8. (1) We consider the ideal I = (x1x2x3, x
2
2x3) ⊂ T3. We have deg(I) = 3, so
Iσ
3
= (x1x5x9, x2x5x9) ⊂ T9 and I
p = (x1x2x3, x2x5x3) ⊂ T9. We define the permutation
τ : {1, 2, . . . , 9} → {1, 2, . . . , 9} by τ(1) = 1, τ(4) = 4, τ(7) = 7, τ(2) = 5, τ(5) = 2,
τ(8) = 8, τ(3) = 6, τ(6) = 9 and τ(9) = 3. Let
Φ : T9 → T9, Φ(xj) := xτ(j), (∀)1 ≤ j ≤ 9.
It is easy to see that Φ(x1x5x9) = x1x2x3 and Φ(x2x5x9) = x2x5x3, hence, according to
Definition 1.7, the ideal I is smoothly spreadable.
(2) We consider the ideal I = (x31x2x
2
3, x1x
2
2x
3
3) ⊂ T3. We have deg(I) = 6, thus
Iσ
3
= (x1x4x7x11x15x18, x1x5x8x12x15x18) ⊂ T18, I
p = (x1x4x7x11x2x3x6, x1x2x5x3x6x9) ⊂ T18,
gcd(x1x4x7x11x15x18, x1x5x8x12x15x18) = x1x15x18,
gcd(x1x4x7x11x2x3x6, x1x2x5x3x6x9) = x1x2x3x6.
Hence I is not smoothly spreadable.
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Proposition 1.9. Let I ⊂ Tn be a monomial ideal with deg(I) = d. If I is smoothly
spreadable, then for any t ≥ n we have
(1) depth(Ttd/I
σt) = depth(Tn/I) + td− n.
(2) sdepth(Ttd/I
σt) = sdepth(Tn/I) + td− n.
(3) sdepth(Iσ
t
) = sdepth(I) + td− n.
Proof. (1) Since I is smoothly spreadable, according to Definition 1.7, it follows that
Tnd/I
p ∼= Tnd/I
σn . The conclusion follows from Corrolary 1.5 and the well known properties
of polarization.
(2) According to [6, Corollary 4.4], we have sdepth(Tnd/I
p) = sdepth(Tn/I) + nd − n.
On the other hand, Tnd/I
p ∼= Tnd/I
σn , hence the conclusion follows from Corollary 1.5.
(3) According to [6, Corollary 4.4], we have sdepth(Ip) = sdepth(I) + nd − n. On the
other hand, Ip ∼= Iσ
n
, hence the conclusion follows from Corollary 1.5.
For any monomial u ∈ T , the support of u is supp(u) := {xj : xj |u}. In the following,
we present some constructive methods to produce smoothly spreadable monomial ideals.
Proposition 1.10. Let 1 ≤ n < n′ be two integers. Let I ⊂ Tn be a monomial ideal and
let 1 6= v ∈ Tn′ be a monomial with supp(v) ⊂ {xn+1, . . . , xn′}. Let J = (I, v) ⊂ Tn′. Then
I is smoothly spreadable if and only if J is smoothly spreadable.
Proof. Assume that I is smoothly spreadable. According to Definition 1.7, there exists a
permutation τ : {1, 2, . . . , nd} → {1, 2, . . . , nd}, with τ(j)− j ≡ 0(mod n), (∀)1 ≤ j ≤ nd,
such that the K-algebra isomorphism
Φ : Tnd → Tnd, Φ(xj) := xτ(j), (∀)1 ≤ j ≤ nd,
satisfies Φ(σn(ui)) = u
p
i , for all 1 ≤ i ≤ m. If v = x
an+1
n+1 · · ·x
an′
n′ , then
σn
′
(v) = xn+1xn′+(n+1) · · ·x(an+1−1)n′+(n+1) · · ·x(an+1+···+an′−1+1)n′ · · ·x(an+1+···+an′−1+an)n′ ,
and vp
′
= xn+1xn′+(n+1) · · ·x(an+1−1)n′+(n+1) · · ·xn′x2n′ · · ·xan′n′,
where ()p
′
is the polarization in Tn′ . For any 1 ≤ j ≤ n
′ − n, we define the bijection
σj : {n+ j, n
′ + n+ j, . . . , (d− 1)n′ + n+ j} → {n+ j, n′ + n+ j, . . . , (d− 1)n′ + n+ j},
σj((an+1 + · · · + an+j−1)n
′ + n+ j) = n+ j,
σj((an+1 + · · · + an+j−1 + 1)n
′ + n+ j) = n′ + n+ j, . . . ,
σj((an+1 + · · ·+ an+j − 1)n
′ + n+ j) = (an+j − 1)n
′ + n+ j,
which satisfies the property
σj({n+ j, . . . , (an+1 + · · · + an+j−1 − 1)n
′ + n+ j, (an+1 + · · ·+ an+j)n
′ + n+ j, . . .
, (d− 1)n′ + n+ j}) = {an+jn
′ + n+ j, (an+j + 1)n
′ + n+ j, . . . , (d− 1)n′ + n+ j}.
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We define the permutation
τ ′ : {1, . . . , n′d′} → {1, . . . , n′d′}, τ ′(j) =

ϕ(τ(ψ(j, n′)), n), j ≡ 1, . . . , n(modn′), j ≤ n′d
σj−n(j), j ≡ n+ 1, . . . , n
′(modn′)
j, otherwise
,
where ψ(j, n′) :=
⌊
j−1
n′
⌋
· (n− n′) + j and ϕ(j, n) :=
⌊
j−1
n
⌋
· (n′ − n) + j. We let
Φ′ : Tn′d′ → Tn′d′ , Φ
′(xj) := xτ ′(j), (∀)1 ≤ j ≤ n
′d′.
From the definition of σj and Φ
′, it follows by straightforward computations that Φ′(σn
′
(v)) = vp
′
.
Let u = xa11 · · · x
an
n ∈ G(I). We have that
uσ
n′
= x1xn′+1 · · · x(a1−1)n′+1 · · · x(a1+···+an−1)n′+n · · · x(a1+···+an−1)n′+n
and up
′
= x1xn′+1 · · · x(a1−1)n′+1 · · · xnxn′+n · · · x(an−1)n′+n.
We claim that Φ′(σn
′
(u)) = up
′
. Indeed, we have that
Φ′(σn
′
(u)) = xτ ′(1)xτ ′(n′+1) · · · xτ ′((a1−1)n′+1) · · · xτ ′((a1+···+an−1)n′+n) · · · xτ ′((a1+···+an−1)n′+n) =
= xϕ(τ(1),n)xϕ(τ(n+1),n) · · · xϕ(τ((a1−1)n+1),n) · · · xϕ(τ((a1+···+an−1+1)n),n) · · · xϕ(τ(a1+···+an)n,n) =
xϕ(1,n)xϕ(n+1,n) · · · xϕ((a1−1)n+1,n) · · · xϕ(n,n) · · · xϕ(ann,n) = x1 · · · x(a1−1)n′+1 · · · xn′ · · · xann′ = u
p′ ,
as required. Now, assume that J is smoothly spreadable. Let
Φ′ : Tn′d′ → Tn′d′ , Φ
′(xj) = xτ ′(j), (∀)1 ≤ j ≤ n
′d′,
be the K-algebra isomorphism, as in Definition 1.7, such that Φ′(σn
′
(u)) = up
′
, (∀)u ∈ G(I). We
define
τ : {1, . . . , nd} → {1, . . . , nd}, τ(j) := ψ(τ ′(ϕ(j, n)), n′),
and Φ : Tnd → Tnd, Φ(xj) := xτ(j), 1 ≤ j ≤ nd. Let u ∈ G(I). Since Φ
′(u) = up
′
, by straightfor-
ward computations, we get Φ(u) = up.
We recall the fact that a monomial ideal I ⊂ Tn with G(I) = {v1, . . . , vm} is a complete
intersection (c.i.) if and only if supp(vi) ∩ supp(vj) = ∅, (∀)i 6= j.
Corollary 1.11. If I ⊂ Tn is a monomial c.i. then I is smoothly spreadable.
Proof. It follows from Proposition 1.10, by induction on the number of minimal monomial
generators of I.
Example 1.12. (1) Let I = (x31, x2x3) ⊂ T3. Note that I is a complete intersection, but
Iσ = (x1x2x3, x2x4) ⊂ T6 and I
σ2 = (x1x3x5, x2x5) ⊂ T6 are not. On the other hand, for
any t ≥ 3, Iσ
t
= (x1xt+1x2t+1, x2x3+t) ⊂ T3t is a complete intersection.
(2) Let I = (x21x2, x
2
2) ⊂ T2. We have that I
σt = (x1x1+tx2+2t, x2x2+t), (∀)t ≥ 1,
hence I, Iσ are not complete intersection, but Iσ
t
is a complete intersection for any t ≥ 2.
This shows indirectly that I is not smoothly spreadable.
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In the following proposition we characterize the monomial ideals in T2 which are
smoothly spreadable.
Proposition 1.13. Let a1 > a2 > · · · > am ≥ 0 and 0 ≤ b1 < b2 < · · · < bm be two
sequences of integers, where m ≥ 1, and let I := (xa11 x
b1
2 , . . . , x
am
1 x
bm
2 ) ⊂ T2. We have that:
(1) If a1 + b1 ≤ a2 + b2 ≤ · · · ≤ am + bm := d > 0 then I is smoothly spreadable.
(2) If I is smoothly spreadable, then a2 + b2 ≤ · · · ≤ am−1 + bm−1. Moreover, if b1 > 0
then a1 + b1 ≤ a2 + b2 and if am > 0 then am−1 + bm−1 ≤ am + bm.
Proof. (1) Let ui := x
ai
1 x
bi
2 , 1 ≤ i ≤ m. Note that G(I) = {u1, . . . , um}. For 1 ≤ i ≤ m we
have
σ2(ui) = x1x3 · · ·x2ai−1x2(ai+1)x2(ai+2) · · ·x2(ai+bi), u
p
i = x1x3 · · ·x2ai−1x2x4 · · ·x2bi . (1.1)
We define the map λ : {1, 2, . . . , d} → {1, 2, . . . , d} as follows:
λ(j) = bm + j, 1 ≤ j ≤ am
λ(a1 + j) = j, 1 ≤ j ≤ b1
λ(ai + j) = bi−1 + j, 1 ≤ j ≤ ai−1 − ai, 2 ≤ i ≤ m
λ(ai + bi + j) = ai + bi − ai+1 + j, 1 ≤ j ≤ bi+1 − bi, 1 ≤ i ≤ m− 1.
From the above relations it follows that
λ({ai+1, ai+2, . . . , ai−1, ai−1+bi−1+1, ai−1+bi−1+2, . . . , ai−1+bi}) = {bi−1+1, bi−1+2, . . . , bi},
(1.2)
for any 2 ≤ i ≤ m, where b0 = 0. Also, we have that
λ({a1, a1 + 1, . . . , a1 + b1}) = {1, 2, . . . , b1}, (1.3)
λ({1, 2, . . . , am}) = {bm + 1, . . . , bm + am}. (1.4)
We prove by induction on i ≥ 1 that
λ({ai + 1, ai + 2, . . . , ai + bi}) = {1, 2, . . . , bi}. (1.5)
From (1.3), the above assertion holds for i = 1. Assume that i > 1 and (1.5) holds for i−1,
that is
λ({ai−1 + 1, ai−1 + 2, . . . , ai−1 + bi−1}) = {1, 2, . . . , bi−1}. (1.6)
From (1.2) and (1.6) it follows that (1.5) holds for i, hence the induction is complete. In
particular, it follows that
λ({am + 1, am + 2, . . . , am + bm}) = {1, 2, . . . , bm} (1.7)
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From (1.4) and (1.7) it follows that λ is a permutation on {1, . . . , d}. We consider the
K-algebra isomorphism
Φ : T2d → T2d, where Φ(xj) =
{
xj , j = 2k + 1
x2λ(k), j = 2k
.
From (1.5) it follows that
Φ(x2(ai+1)x2(ai+2) · · ·x2(ai+bi)) = x2x4 · · ·x2bi ,
hence (1.1) implies Φ(σ2(ui)) = u
p
i , (∀)1 ≤ i ≤ m, as required.
(2) Without any loss of generality, we can assume b1 > 0 and am > 0. Suppose that
there exists 1 ≤ ℓ ≤ m− 1 such that aℓ + bℓ > aℓ+1 + bℓ+1.
Since I is smoothly spreadable, according to Definition 1.7, there exists a permutation
τ : {1, 2, . . . , 2d} → {1, 2, . . . , 2d} with τ(j) ≡ j(mod 2), (∀)1 ≤ j ≤ 2d,
such that the induced K-algebra isomorphism
Φ : T2d → T2d, Φ(xj) := xτ(j), (∀)1 ≤ j ≤ 2d,
satisfies Φ(σ2(ui)) = u
p
i , (∀)1 ≤ i ≤ m. In particular, from (1.1) we have that
Φ(σ2(uℓ)) = Φ(x1x3 · · · x2aℓ−1x2(aℓ+1)x2(aℓ+2) · · · x2(aℓ+bℓ)) = x1x3 · · · x2aℓ−1x2x4 · · · x2bℓ
Φ(σ2(uℓ+1)) = Φ(x1x3 · · · x2aℓ+1−1x2(aℓ+1+1) · · · x2(aℓ+1+bℓ+1)) = x1x3 · · · x2aℓ+1−1x2x4 · · · x2bℓ+1 ,
which is equivalent to
τ({2aℓ+j + 2, 2aℓ+j + 4, . . . , 2(aℓ+j + bℓ+j)}) = {2, 4, . . . , bℓ+j}, j = 0, 1. (1.8)
Since aℓ > aℓ+1 and aℓ + bℓ > aℓ+1 + bℓ+1, (1.8) yields to a contradiction.
The following proposition provides a method do construct smoothly spreadable ideals,
by adding new monomials which are powers of variables.
Proposition 1.14. Let I ⊂ Tn be a monomial ideal with deg(I) = d. Let 1 ≤ k ≤ n,
1 ≤ j1 < · · · < jk ≤ n and d1, . . . , dk ≥ 1. Let J = (I, x
d1
j1
, . . . , xdkjk ) ⊂ Tn. We assume that
G(J) = G(I) ∪ {xd1j1 , . . . , x
dk
jk
}. For any u ∈ Tn and 1 ≤ ℓ ≤ k, let u
(ℓ) be the monomial
obtained from u by replacing xjℓ+1, . . . , xn with 1. The following holds:
(1) If dℓ ≥ max{deg(u
(ℓ)) : u ∈ G(I), xjℓ|u} for all 1 ≤ ℓ ≤ k and I is smoothly
spreadable, then J is smoothly spreadable.
(2) If J is smoothly spreadable, then I is smoothly spreadable.
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Proof. (1) Since I is smoothly spreadable, according to Definition 1.7, there exists a per-
mutation τ : {1, 2, . . . , nd} → {1, 2, . . . , nd}, with τ(j) − j ≡ 0(mod n), (∀)1 ≤ j ≤ nd,
such that the K-algebra isomorphism
Φ : Tnd → Ttd, Φ(xj) := xτ(j), (∀)1 ≤ j ≤ nd,
satisfies Φ(σn(u)) = up, for all u ∈ G(I). For a monomial u ∈ Tn, we let u
(ℓ) be the
monomial obtained from u by replacing xjℓ , . . . , xn with 1. Let
Mℓ := max{deg(u
(ℓ)) : u ∈ G(I), xjℓ|u}, mℓ := min{deg(u
(ℓ)) : u ∈ G(I), xjℓ |u}. (1.9)
Since, from hypothesis, G(J) = G(I)∪{xd1j1 , . . . , x
dk
jk
} and dℓ ≥Mℓ, (∀)1 ≤ ℓ ≤ m, it follows
that
1 ≤ mℓ ≤Mℓ ≤ dℓ, (∀)1 ≤ ℓ ≤ m. (1.10)
Let 1 ≤ ℓ ≤ k and let vℓ := x
dℓ
jℓ
. We have that
σn(vℓ) = v
p
ℓ = xjℓxjℓ+n · · ·xjℓ+(dℓ−1)n. (1.11)
Note that Φ|x{jℓ+mℓn,...,xjℓ+Mℓn} : {xjℓ+mℓn, . . . , xjℓ+Mℓn} → {xjℓ, · · · , xjℓ+(Mℓ−mℓ)n} is a bijec-
tion. We define the K-algebra isomorphism Φ : Tnd → Tnd by
Φ(xjℓ+sn) := xjℓ+(Mℓ+s)n, (∀)1 ≤ ℓ ≤ m, 0 ≤ s ≤ mℓ − 1,
Φ(xjℓ+sn) := xjℓ+sn, (∀)1 ≤ ℓ ≤ m, Mℓ + 1 ≤ s ≤ dℓ,
Φ(xj) := Φ(xj), in the other cases.
From (1.9), (1.10), (1.11) and the definition of Φ it follows that
Φ(σn(vℓ)) = σ
n(vℓ) = v
p
ℓ , (∀)1 ≤ ℓ ≤ r, Φ(σ
n(u)) = Φ(σn(u)) = up, (∀)u ∈ G(I),
hence we get the required conclusion.
(2) It follows immediately from the fact that G(I) ⊂ G(J).
The following result gives another method of constructing smoothly spreadable ideals.
Proposition 1.15. Let d′ > d ≥ 1, n′ > n ≥ 1 and m,m′ ≥ 1 be some integers. Let
M = {u1, . . . , um} ⊂ Tn and M
′ = {v1, . . . , vm′} ⊂ Tn′ be two sets of monomials such that
1. deg(ui) = d, (∀)1 ≤ i ≤ m.
2. deg(vi) ≤ d
′ − d, (∀)1 ≤ i ≤ m′.
3. supp(vi) ⊂ {xn+1, . . . , xn′}, (∀)1 ≤ i ≤ m
′.
4. M and M′ are smoothly spreadable.
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Then the set {uivk : 1 ≤ i ≤ m, 1 ≤ k ≤ m
′} is smoothly spreadable. In particular, the
ideal
I := (u1, . . . , um) · (v1, . . . , vm) = (u1, . . . , um) ∩ (v1, . . . , vm) ⊂ Tn′
is smoothly spreadable.
Proof. From Definition 1.7, there exist two permutations
τ : {1, 2, . . . , nd} → {1, 2, . . . , nd}, τ(j) ≡ j(mod n), (∀)1 ≤ j ≤ nd,
τ ′ : {1, 2, . . . , n′(d′ − d)} → {1, 2, . . . , n′(d′ − d)}, τ ′(j) ≡ j(mod n′), (∀)1 ≤ j ≤ n′(d′ − d),
such that the K-algebra isomorphisms
Φ : Tnd → Tnd, Φ(xj) = xτ(j), 1 ≤ j ≤ nd
Φ′ : Tn′(d′−d) → Tn′(d′−d), Φ(xj) = xτ ′(j), 1 ≤ j ≤ n
′(d′ − d),
satisfy
Φ(σn(u)) = up, (∀)u ∈M and Φ′(σn
′
(v)) = vp
′
, (∀)v ∈M′. (1.12)
We define τ : {1, . . . , n′d′} → {1, . . . , n′d′}, by
τ(j) =

ϕ(τ(ψ(j, n′)), n), j ≡ 1, . . . , n(mod n′), j ≤ n′d
τ ′(j), j ≡ n+ 1, . . . , n′(mod n′), j ≤ n′(d′ − d)
j, otherwise
, (1.13)
where
ψ(j, n′) :=
⌊
j−1
n′
⌋
· (n− n′) + j, (∀)1 ≤ j ≤ n′d′,
ϕ(j, n) :=
⌊
j−1
n
⌋
· (n′ − n) + j, (∀)1 ≤ j ≤ nd.
Note that τ is a permutation on {1, 2, . . . , n′d′}. We consider the K-algebra isomorphism
Φ : Tn′d′ → Tn′d′ , Φ(xj) := xτ(j), (∀)1 ≤ j ≤ n
′d′.
Let u ∈ M and v ∈ M′. We have that u = xa11 · · ·x
an
n with a1 + · · · + an = d and
v = x
an+1
n+1 · · ·x
an′
n′ with an+1 + · · ·+ an′ ≤ d
′ − d. It follows that
σn(u) = x1xn+1 · · ·x(a1−1)n+1 · · ·x(a1+···+an−1)n+n · · ·x(a1+···+an−1)n+n,
up = x1xn+1 · · ·x(a1−1)n+1 · · ·xnx2n · · ·xann,
σn
′
(u) = x1xn′+1 · · ·x(a1−1)n′+1 · · ·x(a1+···+an−1)n′+n · · ·x(a1+···+an−1)n′+n,
up
′
= x1xn′+1 · · ·x(a1−1)n′+1 · · ·xnxn′+n · · ·x(an−1)n′+n,
σn
′
(v) = xn+1xn′+n+1 · · ·x(an+1−1)n′+n+1 · · ·x(an+1+···+an′−1+1)n′ · · ·x(an+1+···+an′ )n′,
vp
′
= xn+1xn′+n+1 · · ·x(an+1−1)n′+n+1 · · ·xn′x2n′ · · ·xan′n′,
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therefore
σn
′
(uv) = x1xn+1 · · ·x(a1−1)n+1 · · ·x(a1+···+an−1)n+n · · ·x(a1+···+an−1)n+n · xdn′+n+1·
· x(d+1)n′+n+1 · · ·x(d+an+1−1)n′+n+1 · · ·x(d+an+1+···+an′−1+1)n′ · · ·x(d+an+1+···+an′ )n′ (1.14)
From (1.12) it follows that
τ({1, n+ 1, · · · , (a1 − 1)n+ 1, . . . , (a1 + · · ·+ an−1)n+ n, . . . , (a1 + · · ·+ an − 1)n+ n})
= {1, n+ 1, . . . , (a1 − 1)n+ 1, . . . , n, 2n, . . . , ann},
hence, by (1.13) it follows that
τ({1, n′+1, . . . , (a1− 1)n
′+1, . . . , (a1+ · · ·+ an−1)n
′+n, . . . , (a1+ · · ·+ an− 1)n
′+n}) =
= {1, n′ + 1, . . . , (a1 − 1)n
′ + 1, . . . , n, n′ + n, . . . , (an − 1)n
′ + n}. (1.15)
Similarly, from (1.12) and (1.13) it follows that
τ({dn′+n+1, (d+1)n′+n+1, . . . , (d+an+1−1)n
′+n+1, . . . , (d+an+1+· · ·+an′−1+1)n
′, . . . ,
, (d+an+1+ · · ·+an′)n
′}) = {n+1, n′+n+1, . . . , (an+1−1)n
′+n+1, . . . , n′, 2n′, . . . , an′n
′}.
(1.16)
From (1.14), (1.15) and (1.16) it follows that
Φ(σn
′
(uv)) = (uv)p
′
.
Hence {uivk : 1 ≤ i ≤ m, 1 ≤ k ≤ m
′} is smoothly spreadable. The last assertion follows
from the fact that G(I · J) ⊂ {uivk : 1 ≤ i ≤ m, 1 ≤ k ≤ m
′}.
Example 1.16. (1) Let I := (x21x2, x1x
2
2, x
3
2) ⊂ T2 and J := (x
2
3, x3x
2
4) ⊂ T4. According to
Proposition 1.13 the ideals I and J ∩K[x3, x4] are smoothly spreadable. From Proposition
1.15 it follows that the ideal I ·J = (x21x2x
2
3, x1x
2
2x
2
3, x
3
2x
2
3, x
2
1x2x3x
2
4, x1x
2
2x3x
2
4, x
3
2x3x
2
4) ⊂
T4 is smoothly spreadable.
(2) Let I = (x1x2, x
2
2) ⊂ T2. According to Proposition 1.13, the ideal I is smoothly
spreadable. Let J = (x1x2x3, x
2
2x
2
3) ⊂ T2. Let M = G(I) and M
′ = {x3, x
2
3}. Obviously,
M′ is smoothly spreadable. By Proposition 1.15, the set G = {x1x2x3, x1x2x
2
3, x
2
2x3, x
2
2x
2
3}
is smoothly spreadable. Since G(J) ⊂ G, it follows that J is smoothly spreadable.
Let L := J + (x21, x
3
2, x
4
3) ⊂ T3. Let u1 = x1x2x3, u2 = x
2
2x
2
3, d1 = 2, d2 = 3 and d3 = 4.
Note that G(L) = {u1, u2, x
d1
1 , x
d2
2 , x
d3
3 }. With the notations from Proposition 1.14, we have
that
u
(1)
1 = x1, u
(1)
2 = 1, u
(2)
1 = x1x2, u
(2)
2 = x
2
2, u
(3)
1 = u1, u
(3)
2 = u2.
One can easily check that dℓ ≥ max{deg(u
(ℓ)
1 ), deg(u
ℓ
2)}, (∀)1 ≤ ℓ ≤ 3, hence, from
Proposition 1.14 it follows that L is smoothly spreadable
12
Lemma 1.17. Let u, v ∈ Tn be two monomials, d an integer with max{deg(u), deg(v)} ≤ d,
u = xa11 · · ·x
an
n and v = x
b1
1 · · ·x
bn
n . If {u, v} is smoothly spreadable, then for any 1 ≤ j ≤ n:
min{aj , bj} = |{(a1+ · · ·+aj−1)n+j, (a1+ · · ·+aj−1+1)n+j, . . . , (a1+ · · ·+aj−1+aj−1)n+j}∩
∩{(b1 + · · ·+ bj−1)n+ j, (b1 + · · ·+ bj−1 + 1)n + j, . . . , (b1 + · · ·+ bj−1 + bj − 1)n+ j}|.
Proof. From Definition 1.7 there exists a permutation τ : {1, 2, . . . , nd} → {1, 2, . . . , nd}
such that the K-algebra isomorphism
Φ : Tnd → Tnd, Φ(xj) = xτ(j), (∀)1 ≤ j ≤ nd,
satisfies the conditions Φ(σn(u)) = up and Φ(σn(v)) = vp. Since
σn(u) = x1xn+1 · · ·x(a1−1)n+1 · · ·x(a1+···+an−1+1)n · · ·x(a1+···+an)n,
σn(v) = x1xn+1 · · ·x(b1−1)n+1 · · ·x(b1+···+bn−1+1)n · · ·x(b1+···+bn)n,
up = x1xn+1 · · ·x(a1−1)n+1 · · ·xnx2n · · ·xann,
vp = x1xn+1 · · ·x(b1−1)n+1 · · ·xnx2n · · ·xbnn,
it follows that
τ({(a1 + · · ·+ aj−1)n+ j, (a1 + · · ·+ aj−1 + 1)n+ j, . . . , (a1 + · · ·+ aj − 1)n+ j}) =
= {j, j + n, . . . , j + (aj − 1)n}, (∀)1 ≤ j ≤ n,
τ({(b1 + · · ·+ bj−1)n+ j, (b1 + · · ·+ bj−1 + 1)n+ j, . . . , (b1 + · · ·+ bj − 1)n+ j}) =
= {j, j + n, . . . , j + (bj − 1)n}, (∀)1 ≤ j ≤ n.
Since τ is a bijection, we get the required conclusion.
Theorem 1.18. Let M = {u1, . . . , um} ⊂ Tn be a set of monomials. We write
ui :=
n∏
j=1
x
ai,j
j , (∀)1 ≤ i ≤ m.
The following are equivalent:
(1) M is smoothly spreadable.
(2) For any 1 ≤ i < ℓ ≤ m and 1 ≤ j ≤ n we have that
min{ai,j , aℓj} = |{(ai,1+ · · ·+ai,j−1)n+ j, (ai,1+ · · ·+ai,j−1+1)n+ j, . . . , (ai,1+ · · ·+ai,j−1)n+ j}
∩{(aℓ,1 + · · ·+ aℓ,j−1)n+ j, (aℓ,1 + · · ·+ aℓ,j−1 + 1)n+ j, . . . , (aℓ,1 + · · ·+ aℓ,j−1 + aℓ,j − 1)n+ j}|.
Proof. (1) ⇒ (2) If m = |M| = 1 then there is nothing to prove. Assume m ≥ 2 and let
1 ≤ i < ℓ ≤ m. Since M is smoothly spreadable, then the set {ui, uℓ} is also smoothly
spreadable. Now apply Lemma 1.17.
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(2)⇒ (1) We use induction on n ≥ 1. If n = 1, then there is nothing to prove. Assume
n ≥ 2. Let
u′i =
n−1∏
j=1
x
ai,j
j ∈ Tn−1, (∀)1 ≤ i ≤ m.
Let 1 ≤ i < ℓ ≤ m and 1 ≤ j ≤ n− 1. The hypothesis (2) implies
min{ai,j, aℓ,j} = |{(ai,1 + · · ·+ ai,j−1)(n− 1) + j, (ai,1 + · · ·+ ai,j−1 + 1)(n− 1) + j, . . . ,
, (ai,1 + · · ·+ ai,j − 1)(n− 1) + j} ∩ {(aℓ,1 + · · ·+ aℓ,j−1)(n− 1) + j,
(aℓ,1 + · · ·+ aℓ,j−1 + 1)(n− 1) + j, . . . , (aℓ,1 + · · ·+ aℓ,j−1 + aℓ,j − 1)(n− 1) + j}|.
Hence, by induction hypothesis, M′ := {u′1, . . . , u
′
m} is smoothly spreadable.
Let d = maxni=1 deg(ui). Let τ
′ : {1, 2, . . . , (n− 1)d} → {1, 2, . . . , (n− 1)d} be a permu-
tation and
Φ′ : T(n−1)d → T(n−1)d, Φ
′(xj) = xτ ′(j), (∀)1 ≤ j ≤ (n− 1)d,
such that
Φ′(σ(n−1)(u′i)) = (u
′
i)
p′, (∀)1 ≤ i ≤ m,
where ()p
′
is the polarization in Tn−1. Let
d := max
1≤i≤m
deg(ui) and d
′ := max
1≤i≤m
deg(u′i).
Without loss of generality, we can assume that there exists 1 ≤ p ≤ m such that xn|u1, . . .
,xn|up, xn ∤ up+1, . . . , xn ∤ um and deg(u
′
1) ≥ deg(u
′
2) ≥ · · · ≥ deg(u
′
p). Let
αi := ai,1 + · · ·+ ai,n−1, 1 ≤ i ≤ p.
Let 1 ≤ i < ℓ ≤ p and assume that deg(u′i) > deg(u
′
ℓ). We prove that deg(ui) ≤ deg(uℓ).
Indeed, if deg(ui) > deg(uℓ), then αi > αℓ and αi + ai,n > αℓ + aℓ,n, therefore we have
|{αin, (αi+1)n, . . . , (αi+ai,n−1)n}∩{αℓn, (αℓ+1)n, . . . , (αℓ+aℓ,n−1)n}| < min{ai,n, aℓ,n},
a contradiction. By reordering u1, . . . , up we can assume that deg(u1) ≤ . . . ≤ deg(up).
We use a similar argument with the one from the proof of Proposition 1.13. We define
the permutation λ : {1, 2, . . . , d} → {1, 2, . . . , d} by
λ(j) = ap,n + j, 1 ≤ j ≤ αp
λ(α1 + j) = j, 1 ≤ j ≤ a1,n
λ(αi + j) = ai−1,n + j, 1 ≤ j ≤ αi−1 − αi, 2 ≤ i ≤ p
λ(αi + ai,n + j) = ai,n + αi − αi+1 + j, 1 ≤ j ≤ deg(ui+1)− deg(ui), 1 ≤ i ≤ p− 1
λ(j) = j, j > deg(up) = αp + ap,n.
We define the permutation τ : {1, 2, . . . , nd} → {1, 2, . . . , nd} by
τ(j) :=
{
ϕ(τ ′(ψ(j, n)), n− 1), j ≡ 1, . . . , n− 1(modn)
j, j ≡ 0(modn)
,
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where
ψ(j, n) := −
⌊
j − 1
n
⌋
+ j and ϕ(j, n− 1) :=
⌊
j − 1
n− 1
⌋
+ j.
We consider the K-algebra isomorphism
Φ : Tnd → Tnd, Φ(xj) := xτ(j), (∀)1 ≤ j ≤ nd.
As in the proof of Proposition 1.13, by straightforward computations, we get
Φ(σn(ui)) = u
(p)
i , (∀)1 ≤ i ≤ m,
hence we are done.
Example 1.19. (1) Let u1 = x1x
2
2x
2
3, u2 = x
3
2x
3
3 and I = (u1, u2) ⊂ T3. With the notations
from Theorem 1.18, we have a1,1 = 1, a1,2 = 2, a1,3 = 2, a2,1 = 0, a2,2 = 3, a2,3 = 3. Also
0 = min{a1,1, a2,1} = |{1} ∩ ∅|,
2 = min{a1,2, a2,2} = |{5, 8} ∩ {1, 5, 8}|,
2 = min{a1,3, a2,3} = |{12, 15} ∩ {12, 15, 18}|,
hence I is smoothly spreadable.
(2) Let u′1 = x1x2x
2
3, u
′
2 = x
3
2x
3
3 and I
′ = (u1, u2) ⊂ T3. With the notations from
Theorem 1.18, we have a1,1 = 1, a1,2 = 1, a1,3 = 2, a2,1 = 0, a2,2 = 3, a2,3 = 3. Since
2 = min{a1,3, a2,3} 6= |{9, 12} ∩ {12, 15, 18}| = 1
it follows that I is not smoothly spreadable.
2 Lcm-lattices and spreading of monomial ideals
A lattice L is a partially ordered set (L,≥) such that, for any a, b ∈ L, there is a unique
greatest lower bound a ∧ b called the meet of a and b, and there is a unique least upper
bound a ∨ b called the join of a and b. A finite lattice L has an unique minimal element
0ˆ and a unique maximal element 1ˆ. An atom is an element in L that covers the minimal
element 0ˆ. A lattice is atomistic if every element can be written as a join of atoms.
Let L and L′ be two finite lattices. A join preserving map δ : L→ L′ is a map with
δ(a ∨ b) = δ(a) ∨ δ(b), (∀)a, b ∈ L.
Note that every join-preserving map preserves the order. A meet preserving map δ : L→ L′
is a map with
δ(a ∧ b) = δ(a) ∧ δ(b), (∀)a, b ∈ L.
A map δ : L → L′ is a lattice isomorphism if δ is join preserving, meet preserving and
bijective. In the case that there exists an isomorphism between two lattices L and L′ we
say that L and L′ are isomorphic and we write L ∼= L′.
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Let I ⊂ Tn be a monomial ideal. The lcm-lattice of I, LI is defined as the set of all
monomials that can be obtained as the least common multiple (lcm) of some minimal
monomial generators of I, ordered by divisibility. More precisely, if G(I) = {u1, . . . , um} is
the set of minimal monomial generators, then
LI = {1, u1, . . . , um, lcm(u1, u2), . . . , lcm(um−1, um), . . . , lcm(u1, . . . , um)}.
Note that 0ˆ = 1 and 1ˆ = lcm(u1, . . . , um). The join of two elements in LI is their least
common multiple. See [3] for further details. The lattice LI is atomistic and its atoms are
exactly the elements of G(I). Conversely, if L is a finite atomistic lattice, Mapes had showed
that L is isomorphic to a lcm-lattice associated to a monomial ideal, see [10, Theorem 3.1].
An algorithm for computing all lcm-lattices of monomial ideals with a given number of
minimal generators was given by Ichim, Kattha¨n and Moyano-Ferna´ndez in [7, Section 3].
Let n′ ≥ n and I ′ ⊂ Tn′ be a monomial ideal such that LI ∼= LI′ . Gasharov, Peeva and
Welker proved in [3, Theorem 3.3] that
depth(S/I) = depth(S ′/I ′) + n− n′. (2.1)
Ichim, Kattha¨n and Moyano-Ferna´ndez proved in [8, Corollary 4.10] that
sdepth(S/I) = sdepth(S ′/I ′) + n− n′ and sdepth(I) = sdepth(I ′) + n− n′. (2.2)
Proposition 2.1. If I is smoothly spreadable then LIσn ∼= LI
Proof. From Definition 1.7, it follows that LIσn ∼= LIp . On the other hand, LI ∼= LIp , see
for instance [3, Proposition 2.3].
Remark 2.2. Proposition 2.1 shows that the monomial ideals which are smoothly spread-
able have the property LI ∼= LIσn . However, the converse is not true. Take for instance
the ideal I = (x21x
2
2, x
3
2) ⊂ T2. From Proposition 1.13 it follows that I is not smoothly
spreadable. On the other hand, we have that Iσ
2
= (x1x3x6x8, x2x4x6). It is easy to check
that L
Iσ
2
∼= LI .
There are also examples of monomial ideals I ⊂ Tn with LI ≇ LIσn . Take for instance
the ideal I = (x41, x
2
1x2, x
2
2) ⊂ T2. We have that I
σ2 = (x1x3x5x7, x1x3x6, x2x4) and
lcm(x41, x
2
2) = lcm(x
4
1, x
2
1x2, x
2
2) = x
4
1x
2
2, lcm(x1x3x5x7, x2x4) 6= lcm(x1x3x5x7, x1x3x6, x2x4),
hence LI is not isomorphic to LIσn .
It would be interesting to describe the class of monomial ideals I ⊂ Tn with the
property LIσn ∼= LI , which extends the class of smoothly spreadable monomial ideals. For
such ideals, according to (2.1) and (2.2) it holds that
depth(Tnd/I
σn) = depth(Tn/I) + n(d− 1),
sdepth(Tnd/I
σn) = sdepth(Tn/I) + n(d− 1),
sdepth(Iσ
n
) = sdepth(I) + n(d− 1),
where d = deg(I).
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The following result is in the spirit of Lemma 1.1.
Lemma 2.3. Let {u1, . . . , um}, {u
′
1, . . . , u
′
m′} ⊂ Tn be two sets of monomials. Then
lcm(σn(u1), . . . , σ
n(um)) = lcm(σ
n(u′1), . . . , σ
n(u′m′))⇒ lcm(u1, . . . , um) = lcm(u
′
1, . . . , u
′
m′).
Proof. We write
ui =
n∏
j=1
x
ai,j
j , 1 ≤ i ≤ m, u
′
ℓ =
n∏
j=1
x
a′
ℓ,j
j , 1 ≤ ℓ ≤ m
′. (2.3)
We let
αj = max{ai,j : 1 ≤ i ≤ m}, α
′
j = max{a
′
ℓ,j : 1 ≤ ℓ ≤ m
′}. (2.4)
From (2.3) and (2.4) it follows that
lcm(u1, . . . , um) =
n∏
j=1
x
αj
j , lcm(u
′
1, . . . , u
′
m) =
n∏
j=1
x
α′j
j ,
hence
lcm(u1, . . . , um) = lcm(u
′
1, . . . , u
′
m′)⇔ αj = α
′
j, (∀)1 ≤ j ≤ n. (2.5)
For each 1 ≤ i ≤ m and 1 ≤ ℓ ≤ m′ we have that
σn(ui) = x1xn+1 · · · x(ai,1−1)n+1 · · · x(ai,1+···+ai,n−1+1)n · · · x(ai,1+···+ai,n)n (2.6)
σn(u′ℓ) = x1xn+1 · · · x(a′ℓ,1−1)n+1 · · · x(a′ℓ,1+···+a′ℓ,n−1+1)n · · · x(a′ℓ,1+···+a′ℓ,n)n. (2.7)
For each 1 ≤ j ≤ n we let
βj = max{ai,1+ai,2+ · · ·+ai,j : 1 ≤ i ≤ m}, β
′
j = max{aℓ,1+aℓ,2+ · · ·+aℓ,j : 1 ≤ ℓ ≤ m}
We denote u := lcm(σn(u1), . . . , σ
n(um)) and u
′ := lcm(σn(u′1), . . . , σ
n(u′m′). From (2.6)
and (2.7) it follows that
x(βj−1)n+j ∈ u, xtn+j /∈ u, (∀)t ≥ βj , x(β′j−1)n+j ∈ u
′, xtn+j /∈ u
′, (∀)t ≥ β ′j.
Since u = u′, it follows that βj = β
′
j for all 1 ≤ j ≤ n, hence αj = α
′
j for all 1 ≤ j ≤ n.
The conclusion follows from (2.5).
Lemma 2.4. Let I ⊂ Tn be a monomial ideal with G(I) = {u1, . . . , um}. The map
δ : LIσn → LI , δ(lcm(σ
n(ui1), . . . , σ
n(uik))) := lcm(ui1 , . . . , uik),
where 0 ≤ k ≤ m and 1 ≤ i1 < · · · < ik ≤ m, is join preserving, surjective and satisfies
δ(1) = 1.
Proof. From Lemma 2.3 it follows that the map δ is well defined.
Let 1 ≤ i1 < · · · < ik ≤ m and 1 ≤ ℓ1 < · · · < ℓt ≤ m. Let u = lcm(ui1 , . . . , uik),
u¯ = lcm(σn(ui1), . . . , σ
n(uik), v = lcm(uℓ1, . . . , uℓt) and v¯ = lcm(σ
n(uℓ1), . . . , σ
n(uℓt). We
have that
δ(u¯ ∨ v¯) = δ(lcm(u¯, v¯)) = lcm(u, v) = u ∨ v = δ(u¯) ∨ δ(v¯),
hence δ is join preserving. It is obvious that δ is surjective and δ(1) = 1.
We recall the main results from [8].
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Theorem 2.5. Let n, n′ ≥ 1 be two integers and let I ⊂ Tn and I
′ ⊂ Tn′ be two monomial
ideals. Assume there exists a join preserving surjective map δ : LI′ → LI with δ(1) = 1.
Then:
(1) depth(Tn′/I
′) ≤ depth(Tn/I) + n
′ − n.
(2) sdepth(Tn′/I
′) ≤ depth(Tn/I) + n
′ − n.
(3) sdepth(I ′) ≤ sdepth(I) + n′ − n.
Proof. (1) is a reformulation of [8, Theorem 4.9].
(2) and (3) are particular cases of [8, Theorem 4.5].
The main result of the second section is the following:
Theorem 2.6. Let I ⊂ Tn be a monomial ideal with deg(I) = d and let I
σn ⊂ Tnd. We
have that
(1) depth(Tnd/I
σn) ≤ depth(Tn/I) + n(d− 1).
(2) sdepth(Tnd/I
σn) ≤ sdepth(Tn/I) + n(d− 1).
(3) sdepth(Iσ
n
) ≤ sdepth(I) + n(d− 1).
Moreover, the equalities hold if LIσn ∼= LI (in particular, if I is smoothly spreadable).
Proof. It follows from Lemma 2.4 and Theorem 2.5. The last assertion follows from (2.1)
and (2.2), see also Remark 2.2.
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